ABSTRACT.
This images is a variety.
Definition. Let C be a class of LCS's and let 0(C) be the intersection of all varieties containing C. Then ("((?) is said to be the variety generated by (_.
(Clearly this is indeed a variety.) If C consists of a single LCS E, then 0(C) is written as 0(E) and is said to be singly generated. We shall see that if (? is any class of LCS's and E e 0(C), then E can be obtained from t by a finite number of applications of Q, S and C. This is not obvious, but is a consequence of the following theorem which shows that, indeed, three applications will always suffice. Theorem 1.1. Let £ be any class of LCS's. Then Ü(C) = QSC(C).
Proof. Let U be any class of LCS's. The following statements are obvious:
The next three statements are not quite as obvious, but are easily verified:
We now show that QSC(C) is a variety by noting (a) Q\QSC(e)} = QSC(C), by (iii). We now show that F. is dense in E. Let y = (y A^tf £ F he given together Therefore,
which implies that ¡3= SC(\E\) = ¡3(E) is singly generated. Now if E is a member of C, then the density character (4) of E is also < ttz, and similarly for the completion E of E, since tt7 = m. Thus it is well known that E is isomorphic to a quotient of /.(D), so that E, and therefore E, is a member of l3(ly(D)), and l\lx(D)) 2 0(C) = ö".
The larger the cardinal ttz, the larger the variety 0 , and thus Theorem 2.10. A variety is singly generated if and only if it is a subvariety of (j(lAD)), for some set D. Further comments on normalized bases are made in §5. (ii) V(<P ) has a (unique) maximum proper subvariety, namely (J(ip ), and
Proof. By Theorem 1.4, lVn) = SCQP(<Pn). Note that every LCS in P(<f>n) is isomorphic to ip , so that 0(<£> ) = SCQ(¡p ). Also each quotient of ¡p is isomorphic to <p, tot some k < n and hence is in S(<p ). Thus ¡3(<p ) -SCQ(ip ) = SCS(<p ) = SC(ip ), which shows that <p is a universal generator.
Let 0 be a subvariety of 0(¥> ) and let E be any of its members. Since <p is a universal generator, E is isomorphic to a subspace of a product II.,. F.,
where each F . = ¡p . Let E. be the projection of E on F., for each i e I. Then We assert that the natural projection 77-^ of E onto its image (under ttA in E_= n.,"E. is an isomorphism. (ii) If E is metrizable, then its topology is given by a countable collection of "unit balls" and a countable union of finite subsets of A do the work of a in the above proof.
Remarks.
(1) Many of the classical Banach spaces are isomorphic to their own square.
If E is such a space then (a) a Frechet space F is in 0(E) if and only if F is in SP Q(E)., and (b) a Banach space B is in 0(E) if and only if it is in SQ(E).
(2) It is also worth mentioning that the usual duality of subspaces and quotients (see [14] , (i) L5 £ l\Lq); (ii) / e Ö(L ); and (iii) either q < p < 2 or 2 < p < q. Thus E is finite-dimensional.
Thus we see that every infinite-dimensional Banach space in ¡3(c") is almost reflexive but nonreflexive.
Corollary 4.14. For any I < p < °°, 14 ¡3(cQ). Proof. An easy check of P(5), QP(5), PcQP (5) Corollary 4.17. 0(/j) £ D(IJ.
Proof. We have already noted that 0(7.) Ç o(/oe); however, loe is not separable (see [14] ) while /. is -thus Corollary 4.16 applies.
Corollary 4.18. Let S be any infinite set and P(S) be the power set of S.
Then ü(ly(P(S))) = l\loe(S)).
Proof.
As is well known, the density character of loe(S) is 2m, where ttz is the cardinality of S. Thus loe(S) is a quotient of ly(P(S}), and loe(S) el\ly(P(S))).
On the other hand, Z,(5) has dual loe(S), so [44, Proposition 3.3], ¡W(S) contains lx(P(S)). Thus, ly(P(S)) eüOJS)) obtains. Unfortunately we have, as yet, found no "use" for free locally convex spaces.
However, we point out that free groups are important in the study of varieties of groups, and free topological groups, at least, provide a source of interesting examples ([36], [24] ). We conclude our comments on free locally convex spaces by stating a few facts which can be proved in the same way as those for free topological groups.
1. If X is any LCS is a variety [3, then X is a quotient of F(X, ¡3).
2. If X is any nondiscrete Tychonoff space then F(X, ¡3) is not metriazble.
3. There exist nonhomeomorphic spaces X and Y such that F(X, 15) is isomorphic to F(Y, Ö).
4. If <f> is in a variety (3, then ip is F(X, Ö) for a discrete space X. Of particular interest in our present discussion is consideration of some of the classical nonlocally convex topological vector spaces: / and L fot 0 < p < 1.
In analogy with the case p -1, 2, 00 but in contradistinction to other p > 1, we have Theorem 5.2. For 0 < p < 1, ¡3(7p) = [3(L ).
Proof. As in the case p > 1, 7 can be isomorphically embedded in L , so ¡3(7 ) 2 ¡3(E).
On the other hand, as shown in [57], L is a quotient of I , so l\Lp)çl\lp).
Theorem 5.3. If 0 < p < q < 1, then (3(7 ) £ 0(7p).
Proof. That 0(7 ) Ç 0(7 ) is clear from [57] . Recall that if E is a locally bounded topological vector space and U is a bounded circled neighborhood of 0 in E, then 2(7 C 1/ + 17 C kU fot some k > 2. The greatest lower bound of the k's for which the above is true is denoted by k and called the modulus of concavity of 17.
The modulus of concavity of E is denoted by K(E) and is defined to be int\k A as U ranges over all bounded circled neighborhoods of E. (j\(E) > 2.)
Observe that if F £ S(E) or Q(E), then K(F) < K(E). 
